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Abstract-Mathematical models are derived which describe a cyclic-AMP initiated 
recycling enzyme cascade for the activation of glycogen phosphorylase. The compo- 
nents of the cascade are protein kinase, phosphorylase kinase, phosphorylase kinase 
phosphatase, phosphorylase, and phosphorylase phosphatase. Two classes of models 
are formulated and compared. The models differ only in the molecular hypothesis for 
activation of protein kinase by cyclic-AMP; in one case the assumption leads to second 
order kinetics, in the other third order kinetics are indicated. Amplification and a fast 
response time are the prime features of both classes of models for the activation of 
phosphorylase. The role of free calcium in optimizing the activation and deactivation 
of the cascade is discussed. 
1. INTRODUCTION 
Integral to the activation of certain metabolic processes are finite sequences of enzymatic 
reactions in which the “product” of the &h-stage enzymatic reaction acts as an enzyme 
which activates a different enzyme in the (n + l)th-stage reaction. Terms such as pro- 
enzyme-enzyme transformation, enzyme cascade reactions, enzyme amplifiers, biochem- 
ical amplifiers, and interconvertible enzyme systems have been used to define such met- 
abolic processes as blood coagulation, visual excitation, and hormonal activation of glyco- 
genolysis [l-41. The kinetic theories of two types of enzyme cascade systems have been 
described, i.e., open cascades in which the “products” are stable and dumped cascades 
in which the “products” are destroyed [5,61. In the case of hormonal initiation of gly- 
cogenolysis, the “products” are neither stable nor destroyed but are converted back to 
their inactive, proenzyme form. Since the interconversion of active and inactive forms 
of enzymes involves the recycling of the component parts of an enzyme cascade, the 
term recycling cascade may be used to differentiate this type of enzyme cascade from 
open and damped cascades. Cyclic-AMP mediated processes such as glycogenolysis, 
glycogen synthesis, and lipolysis are the result of recycling cascades [31. This paper deals 
with the derivation and qualitative properties of mathematical models representing the 
hormonal activation of glycogenolysis via adenyl cyclase, phosphodiesterase, protein 
kinase (PKK), phosphorylase kinase (PK), phosphorylase kinase phosphatase (PKP), 
glycogen phosphorylase (GP), and phosphorylase phosphatase (PP) as depicted in Figure 
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1. In Figure 1, the inactive forms of PKK, PK, and GP are represented with primes, 
whereas these letters without primes indicate the respective active forms. 
In this paper we shall present a rather detailed derivation for a class of models inves- 
tigated earlier 171 along with some discussion of qualitative properties of these models. 
In light of recent experimental findings, some of the basic biochemical assumptions un- 
derlying this class of models require modification. We briefly describe how these modi- 
fications affect the mathematical models, essentially presenting an updated class of 
models based on this new information. As we shall indicate below, the new class of 
models retains the important (biologically) qualitative features exhibited by the earlier 
models. 
2. DERIVATION OF A BASIC MODEL 
We derive a set of equations for that portion of the cascade given in Figure 1 between 
the stimulation by adenyl cyclase and the activation of glycogen phosphorylase. Our 
derivations follow closely those given in [71. We begin by deriving a kinetic equation for 
the formation and degradation of c-AMP. 
In the presence of a constant level of both a stimulatory hormone and ATP, adenyl 
cyclase activity, expressed as the rate of formation of cyclic-AMP, will be constant and 
can be defined by a zero order rate constant represented by k,. Cyclic-AMP will be 
removed via phosphodiesterase activity and binding to inactive protein kinase. Since the 
intracellular concentration of cyclic-AMP is below its Michaelis constant for phospho- 
diesterase (see section 3 below), the degradation of cyclic-AMP is assumed to follow first 
order kinetics in which the first order rate constant kd is defined by the enzymatic pa- 
rameters V max/ K, for phosphodiesterase. That is, in the usual Michaelis [7] velocity 
approximations v = I/,,, S/( K, + 5), we have here S << K, (S = c-AMP) so that we 
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Fig. 1. Glycogenolysis. 
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make the further assumption that v = V,,,/K, S = t&S. The binding of cyclic-AMP to 
inactive protein kinase is for the present represented by the expression: 
PKK’ + C(r) “% PKK + sub:C. 
k-1 
(1) 
Thus the time rate of change of intracellular concentration C(t) of cyclic-AMP at time 
t is given by 
C(t) = k, - &C(t) - k+,[PKK’]C(t) + k_,[PKK][sub:C]. (2) 
We next suppose that the reaction rate in Equation (1) is instantaneous relative to the 
time scale for the other reactions shown in Figure 1, and hence it may be assumed that 
this reaction has zero equilibrium time. (Numerical tests for models without this zero 
equilibrium time hypothesis reveal that this is indeed a reasonable simplifying assump- 
tion.) Mathematically, this is written as 
k+,[PKK’lC(t) - k_,[PKK][sub:C] = 0; (3) 
and thus Equation (2) is replaced by 
c(t) = k, - &C(t). (4) 
Proceeding to a discussion of the activation of protein kinase, let A represent the total 
concentration of protein kinase (active plus inactive). Letting a(t) denote the concentra- 
tion of active protein kinase at time t, one sees that the concentration of inactive protein 
kinase will be given by {A - a(t)}. According to early findings [8,91, the binding of 
cyclic-AMP to inactive protein kinase was thought to result in the dissociation of equal 
molar concentrations of active protein kinase and a protein subunit to which cyclic-AMP 
is tightly bound. (Subsequent evidence indicates that this is not correct, and that evidence 
will necessitate the modifications that lead to the new class of models described in a later 
section of this paper.) If we adopt such a molecular assumption (which is essentially one 
of assuming that a molecule of protein kinase consists of one catalytic subunit bound to 
a regulatory subunit, the latter possessing a high degree of affinity for one molecule of 
c-AMP), the concentration [sub:Cl is equal to a(t) and the equilibrium constant K,, = 
k,,lk_, is given by 
or”(t) 
Keq ={A - a(t)}C(t)’ 
Solving Equation (5) for a(t), one obtains the expression for active protein kinase 
a(t) = 1/2{[K&C2(t) + 4K,,AC(t)]* - K&(t)}. (6) 
In most enzyme catalyzed reactions, the derivation of initial velocity expressions via 
equilibrium kinetics or steady state kinetics involve the assumptions that the total enzyme 
and total substrate concentrations are constant and that substrate concentration is ex- 
cessive in comparison to that of the enzyme. In the case of recycling of phosphorylase 
kinase, both the enzyme and substrate concentrations are changing and the concentration 
of substrate is only roughly tenfold greater than that of the enzyme. Thus the continuous, 
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significant fluctuation of substrate and enzyme concentrations require continuous velocity 
analysis rather than initial velocity analysis. The expression (a modification of the usual 
Michaelis-Menten, Briggs-Haldane expression 17, Chapter 11) 
vmax ST tTN)(ET)(ST) 
v= 
K,,, + ST + ET = K,,, + ST + ET 
has been shown to be a reasonable approximation of the instantaneous velocity of a 
reaction in which the concentration of the enzyme is similar to that of the substrate 
concentratic?’ [ 10,111. Thus, if the total concentration of phosphorylase kinase (active 
plus inactive) is represented by B and if /3(r) denotes the concentration of active phos- 
phorylase kinase at time t, then a differential equation for the rate of interconversion of 
active and inactive phosphorylase kinase may be written as 
P(t) = TNPKK4O{B - P(t)) TNm&‘KPlP(t) 
KpK’ + {B - /3(t)} + a(t) - KpK + [PKPI + /3(t) . 
(8) 
This equation may be approximated by 
&> = w(t){B - P(t)) - k@(t) (9) 
in which a,, a second order rate constant, is an approximation 
TNPKK 
a 1= 
K,K~ + -tB - P(Ol- + 44 ’ (10) 
and kZ, a first order rate constant, is an approximation 
k2 = 
TNPA’KPI 
Km + [PKPI + ,W> ’ 
(11) 
For the recycling of glycogen phosphorylase, let G represent the total concentration 
of phosphorylase (active plus inactive) and let y(t) represent active phosphorylase at time 
t. Our differential equation for y is slightly more complicated than that for /3 since the 
activities of phosphorylase kinase and phosphorylase phosphatase appear to be markedly 
dependent upon calcium concentration. It is known that phosphorylase kinase requires 
calcium for enzymatic activity and that calcium inhibits phosphorylase phosphatase 
[8, 12-151. Furthermore, cyclic-AMP releases calcium bound to the cell membrane and 
endoplasmic reticulum leading to an increase in free intracellular calcium concentration. 
In addition to the assumptions stated above for the interconversion of phosphorylase 
kinase, the differential equation for y is derived after assuming that the cyclic-AMP 
mediated fluctuations in the concentration of free calcium in the cytosol do not affect the 
activity of phosphorylase kinase but do alter the activity of phosphorylase phosphatase. 
Since little is known as yet about the exact dynamics involved in the inhibition of phos- 
phorylase phosphatase by free calcium concentrations that are mediated via cyclic-AMP 
alterations, we have chosen to represent the velocity of inactivation of phosphorylase so 
that it is inversely proportional to C(t), the concentration of cyclic-AMP at time t. It is 
recognized that this time varying velocity approximation of the inactivation of phospho- 
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rylase is a rough approximation, but it is an attempt to incorporate terms into velocity 
expressions that represent in vi\~ events. Thus while f(r) should be written as 
i/(t) = 
TNmP(NG - r(f)l- TKdPPly(4 
KP + {G - ~(0) + P(r) - 
K,++T} +[PP]+& (12) 
we choose to approximate it by 
$44 = azP(O{G - ~(0) - &YO. (13) 
where u2, a second order rate constant, is an approximation 
a - 
TNPK 
’ - KP~ + {G - ~(0) + P(t) 
and 
(14) 
(15) 
Thus k,lC(r) is a first order rate term for the inactivation of phosphorylase which fluc- 
tuates depending upon the interaction of phosphorylase phosphatase and free calcium. 
Our model thus consists of Equations (4), (6), (9) and (13) and is used in simulation 
studies in the following way. Prior to time t = 0, it is assumed that the recycling cascade 
system is operating with initial steady state levels of cyclic-AMP, protein kinase, phos- 
phorylase kinase, and phosphorylase designated by Co, (Ye, PO, ,-yo. These steady-state 
values must satisfy the algebraic equations obtained by setting C = 0, /3 = 0, and i/ = 
0 in (4), (9), and (13). At time t = 0 the system is perturbed via a fixed, instantaneous 
and constant stimulation of adenyl cyclase (an increase in the value of k,) or inhibition 
of phosphodiesterase (a decrease in kd). The result of these types of perturbations is a 
rise in the concentration levels of C’, a, p, and y to new steady state levels C,,, ass, pS,, 
and yss. Since at the new steady state i‘(r), P(t), and y(t) are equal to zero, Equations 
(4), (9), and (13) yield 
(16) 
(17) 
(18) 
where one uses the new values of k, or kd to compute C,, in (16). Note that Equation 
(6) is a closed form solution for cr(r) determined by C(t). Thus cy,, is determined by C,,Y 
and this equation. 
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3. PHYSIOLOGICAL AND BIOCHEMICAL RANGES FOR PARAMETER 
VALUES 
Adenyl cyclase activities in various tissues measured in the absence of externally 
added hormone range from IO-’ to 10m4 mole/min/Kg 1161. Phosphodiesterase activities 
in various tissues range from lo-’ to lo-” mole/min/Kg 117,181. Lineweaver-Burke anal- 
ysis of the initial velocity-substrate relationship for hydrolysis of cyclic-AMP by phos- 
phodiesterase has been shown to yield two Michaelis constants for cyclic-AMP, i.e., 
high K, (1 x lop4 M) and low K, (1 x lop6 M) 1191. Stimulatory levels of cyclic-AMP 
for different tissues have ranged from 10m8 to 10e6 M 1203. In general, maximal stimulation 
of adenyl cyclase or maximal inhibition of phosphodiesterase have resulted in increased 
levels of cyclic-AMP which do not exceed a twentyfold increase above the basal level. 
In this paper the numerical values which we use for computations at basal (or initial) 
conditions are k, = 8 x lo-$ mole/min/Kg for adenyl cyclase, V,,, = 8 X lo-” mole/ 
min/Kg for phosphodiesterase, and K, = 10m6 M for cyclic-AMP. Since kd has been 
previously defined as kd = V,,,l K,, it would thus have the value of 8 min-‘. The basal 
or initial concentration Co of cyclic-AMP is fixed at 1 X lo-’ M by the selection of the 
parameters for adenyl cyclase and phosphodiesterase and the fact that Co satisfies (4) 
with 6 = 0. 
One order of magnitude is a typical concentration ratio between convertible and con- 
verter enzymes involved in recycling cascades 191. The tissue concentration of phospho- 
rylase has been experimentally calculated to be approximately lop5 M 191. Thus the total 
concentrations (active plus inactive) of the enzymes were assigned as in Table 1 assuming 
a ten to one ratio between the convertible-converter enzyme pair. The K, values of 4 X 
10e5 and 3 x lop6 M for the two forms of phosphorylase are taken from the literature 
[211. The K, values of 1 x lo-’ and 1 x 10e8 M for the two forms of phosphorylase 
kinase are assumed. 
Since there is no experimental estimate of the equilibrium constant for the binding of 
cyclic-AMP to protein kinase, the value of K,, was computed via Equation (5) assuming 
that a tenfold increase above the basal concentration of cyclic-AMP resulted in the ac- 
tivation of 10% of the total protein kinase, thus obtaining 
(0.1 x lo-‘)2 
z&Q = (0.9 x I@‘)( 10-S) = O.l. 
Experimentally, the hormonal activation of phosphorylase is known to have a fast 
response time. In studying the qualitative behavior of Equations (4); (6), (9), and (13), it 
Table 1. Concentrations and Michaelis constants for interconvertible components of the recycling 
cascade 
Enzyme Substrate 
Concentration 
of enzyme 
(active plus 
inactive) 
Michaelis 
constant for 
substrate 
Protein kinase 
Phosphorylase kinase 
Phosphorylase kinase 
phosphatase 
Phosphorylase 
Phosphorylase 
phosphatase 
Inactive phosphorylase kinase 
Inactive phosphorylase 
Active phosphorylase kinase 
Glycogen 
Active phosphorylase 
10-1 1 x lO_‘M 
10-e 4 x 10-5M 
10-T 1 x 10F’M 
10-s 
10-G 3 x 10-6M 
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was found that the response times for the activation of phosphorylase kinase and phos- 
phorylase were principally determined by the relative magnitude of N~(Y + kz and uzp + 
k,lC to kd. The value of 1.6 x 10” was assigned to u1 and the value of 1.6 x 10’ was 
assigned to m2 so that pss and yss were reached within one minute, and y reached its steady 
state value prior to p (Figure 2). It can be shown via Equations (10) and (14) and the 
enzyme concentrations and K, values in Table 1 that the assigned values for Q, and cl2 
would require turnover numbers for protein kinase and phosphorylase kinase on the order 
of lo4 min-l, an appropriate range for these parameters from a biochemical viewpoint. 
The criterion of “magnification” or “amplification” is inherent to each convertible- 
converter enzyme step involved in a recycling cascade, i.e., p and y. Equation (17), taken 
with a similar expression for PO, yields that for a given ha = a,, - (Ye, Ap = pss - PO is 
a function of a, and k,. It can be shown mathematically that 
and that A&,, occurs along the curve 
shown in Figure 3. Similarly, Aymax occurs along the curve 
k4 = a2dG G$&s. (21) 
The numerical values for k2 and k, can be computed via Equations (20) and (21) for each 
change of Co to C,,. The values of k, and k4 chosen in this way to yield A&,, and 
A~max require turnover numbers in the range of lo4 min-’ for phosphorylase kinase phos- 
phatase and phosphorylase phosphatase, once again values that are acceptable biochem- 
ically. 
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4. QUALITATIVE AND NUMERICAL RESULTS FOR RECYCLING 
CASCADE MODELS 
Mathematical analysis of the qualitative behavior of Equations (4), (6), (9), and (13) 
shows that the time curves for C, (Y, /3, and y are nondecreasing for stimulation of adenyl 
cyclase and inhibition of phosphodiesterase and that the trajectories for /3 and y are 
smooth and sigmoid in shape. To obtain solutions of Equations (4), (6), (9), and (13), one 
can integrate Equation (4) exactly; Equation (6) can be computed algebraically while a 
fourth-order Runge-Kutta integration scheme can be used to obtain the solution to Equa- 
tions (9) and (13). The system taken as a whole is mildly stiff and for versions of our 
model entailing more detailed approximations to the nonlinearities, one can employ spe- 
cial methods such as those developed by Gear [221 (see [7, pp. 48-501). 
Figure 2 depicts a typical solution for C, p, and y as a function of time. This solution 
corresponds to a twentyfold “stimulation” of adenyl cyclase with X, = 8 X lo-’ mole/ 
min/Kg for t < 0 and X, = 1.6 x lOpi mole/min/Kg for t > 0, while kd is held constant 
at krl = 8 min’. The half-times to reach the new steady state values are tc = 0.087, fu 
= 0.052, and t, = 0.040 min. This representative time course for the individual compo- 
nents show that this recycling cascade system is capable of a “Just response time”; that 
is, the final step in the cascade, the activation of phosphorylase, can reach its new steady 
state value first. 
One can also consider simulations involving activation followed by deactivation of the 
enzymes in the recycling cascade. A typical sequence is graphed in Figure 4. In this 
simulation, adenyl cyclase activity was instantaneously stimulated twentyfold at time 
equal to zero. The stimulation of adenyl cyclase was held constant for 0.6 min after which 
the twentyfold stimulation was ceased and adenyl cyclase activity was instantaneously 
returned to its basal level. The rise of the activation of phosphorylase is steeper than the 
fall in phosphorylase activity. One feature of this recycling cascade model is that the time 
sequence for the rise, the plateau, and the decline in phosphorylase activity resembles 
the generation of a square wave. 
Instead of a twentyfold stimulation of adenyl cyclase, if one initiates a 95% inhibition 
of phosphodiesterase , i.e., A,! at 8 mini’ is decreased to 0.4 mini’, the magnitude of the 
rise in cyclic-AMP to its new steady state value will be equal to the absolute rise in 
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cyclic-AMP in the case when adenyl cyclase is stimulated twentyfold. Similarly the 
values for LY$,~, P,~,~, -Y,,~ are identical for a twentyfold stimulation of adenyl cyclase or 95% 
inhibition of phosphodiesterase. However, there is a marked difference in the half times 
for C, (Y, and y which are substantially increased, e.g., tc = 1.73 min, tfi = 0.496 min, 
and t, = 0.468 min. Trajectories for the rise of phosphorylase for stimulation of adenyl 
cyclase (r,J and for inhibition of phosphodiesterase (7,) are given in Figure 5. Inhibition 
of phosphodiesterase results in a slower rise to the new steady state value of phospho- 
rylase than does stimulation of adenyl cyclase. In fact the rate of rise to the new steady 
state value of y is inversely proportional to the inhibition of phosphodiesterase and in- 
dependent of the degree of stimulation of adenyl cyclase. This may be restated as “the 
rate of rise in phosphorylase activity is solely dependent upon the level of phosphodi- 
esterase activity,” as might be expected in light of the form of Equation (4). (This is often 
referred to as the Plateau principle [23, p. 30 II.) 
ys = STIMULATION OF CYCLASE 
1 L 1 I 1 
0.1 0.5 I.0 1.5 20 2.5 3.0 
min 
Fig. 5 
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There are two unique features of this recycling cascade’s sensitivity to changes in 
cyclic-AMP. First, the response of this cascade system in activating phosphorylase is 
most sensitive to low magnifications in cyclic-AMP concentration. That is, the most 
dramatic changes in the levels of phosphorylase activity occur in a range corresponding 
to a 2- to j-fold increase in cyclic-AMP (see Figure 6). Second, when the steady state 
level of cyclic-AMP falls to a new steady state upon cessation of stimulation of adenyl 
cyclase, a temporal prolongation of phosphorylase activity occurs (see Figure 4). A twen- 
tyfold stimulation of adenyl cyclase results in a half time of 0.04 min when y is increasing 
whereas the half time is 0.24 min when y is decreasing due to cessation of this twentyfold 
stimulation. An increase in the half time when phosphorylase activity is falling when 
compared to the half time for a rise in phosphorylase activity has been reported for 
electical and epinephrine stimulation of frog sartorius muscle [241. 
A tnpljficution in this recycling cascade system not only occurs in terms of the absolute 
concentration change at each step in the model but also in the percentage change at each 
cascade step. For example, with a twentyfold stimulation of adenyl cyclase, the net 
percentage change to the active forms of protein kinase, phosphorylase kinase, and phos- 
phorylase are ACY = lo%:, A@ = 34%, and Ay = 73%, respectively. With regard to the 
absolute concentration change features of the models, we note that fluctuations of cyclic- 
AMP at about lops M result in changes in active phosphorylase kinase and phosphorylase 
which are present at concentrations of about lOO- and lOOO-fold higher than that of cyclic- 
AMP. 
The fast response time feature of the model is a function of the “stiffness” of the 
system of differential equations [22,25,261. The curves representing the solutions of equa- 
tions (4), (9), and (13) can be approximated respectively for the stated range of values for 
parameters and variables by the following functions: 
e(t) = C,,[l - co/cSS]e?c’ (22) 
S(t) = PSS 1 - (1 - Po@ss)e-*p’ 
[ 1 (23) 
S/(t) = Yss 1 - (1 - Yo/Yss)e-hy’ 
[ I 
(24) 
where Xc = 8, As = 2.0 x lo’, and A, = 1.6 x 103. These functions, taken together, are 
the solution to a stiff system of linear ordinary differential equations with the measure of 
the stiffness being the relative orders of magnitude of the parameters (eigenvalues) AC, 
hg, and A,. 
IO-t 
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Since we have assumed that the activation of protein kinase by cyclic-AMP is due to 
a rapid dissociation-association reaction, the time course for the activation of protein 
kinase will be similar to that of cyclic-AMP levels. Furthermore, in Equation (6) wherever 
the term C(f) appears it is multiplied by K,,,. The net effect of this is that if the basal 
level of cyclic-AMP is raised or lowered by various orders of magnitude by altering the 
rate of adenyl cyclase activity, and if a simultaneous alteration of the value of K,, is 
carried out by lowering or raising it by an equivalent order of magnitude the qualir~~rtive 
and quantitative aspects of CY, p, and y do not change from those described in this paper. 
The relative rates of activation of phosphorylase kinase and phosphorylase in comparison 
to the rate of activation of protein kinase are functions of the parameters N, and CI~. In 
other words, the relative positions and sigmoidicity of the curves for phosphorylase kinase 
and phosphorylase shown in Figure 2 are determined by cl1 and CI~. The sigmoidicity and 
the extent of activation of phosphorylase kinase and phosphorylase, i.e., Ap and Ay, 
shown in Figure 2, are related to k,,. As K,,, increases above 0.1. the sigmoidicity of 
the phosphorylase kinase curve increases but Ap and Ay decrease. As K,,, decreases the 
curve representing phosphorylase kinase flattens out and A/3 and Ay increase. The rise 
in Ay with decreasing K,, is not substantial at values of K,,, below 0.1 
In other systems of recycling cascades (e.g., hormone sensitive lipase [31), protein 
kinase activates the final enzyme directly without an intermediate step (the phosphorylase 
kinase step in glycogenolysis). The need for an intermediate step in the activation of 
glycogenolysis may be due to the need for a mechanism that can generate an exceptionally 
fast response time to raise the blood glucose levels in response to “fight or flight.” In 
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addition, the intermediate step in glycogenolysis may contribute not only to hormone 
initiated amplification but also the modulation of the system in the absence of external 
hormonal stimulation. 
The “feedforward” effect generated by fluctuating levels of intracellular free Ca++ and 
coordinated with fluctuating levels of cyclic-AMP contributes significantly to the sensi- 
tivity of the recycling system to cyclic-AMP levels. Thus, if k, is substituted for k,lC(t) 
in Equation (13), the amount of phosphorylase activated at any level of cyclic-AMP is 
substantially reduced. That is, the inhibition of phosphorylase phosphatase by calcium 
initiated by a rise in cyclic-AMP contributes significantly to the prevention of a futile 
cycle. It may well be that a similar effect of calcium is achieved at the site of phospho- 
rylase kinase phosphatase. Furthermore, referring back to Equations (12) and (13), using 
mathematical arguments one can show that a model assuming activation of phosphorylase 
kinase by Ca++ .Instead of inhibition of phosphorylase phosphatase yields results that are 
qualitatively similar to those of the model developed here. 
5. A REVISED MODEL INVOLVING THIRD ORDER KINETICS FOR 
PROTEIN KINASE 
In this section we discuss modifications of the basic model derived in section 2 so as 
to reflect recent experimental findings in regard to the protein kinase-c-AMP reaction 
represented by (1). Current evidence 127-341 indicates that our assumption in section 2 
concerning the molecular structure of protein kinase is probably incorrect. Instead of 
consisting of one regulatory subunit and one catalytic subunit, inactive protein kinase 
most likely is composed of two regulatory subunits and two cataly:ic subunits. Such a 
structure requires a change in the stoichiometry of the chemical reaction and therefore 
also necessitates a change in the assumption of second order kinetics governing the 
equation for the protein kinase reaction. Based on current theory, the biochemical Equa- 
tion (1) for the binding of c-AMP to inactive protein kinase should be replaced by 
k 
PKK’ + 2C(t)k- Z’ 2PKK + sub2 : c,. (25) 
-1 
This, in turn, requires the use of third order kinetics in the differential equation for 
intracellular concentration of c-AMP, and Equation (2) thus must be modified to yield 
C(r) = k, - k&(t) - k+,{A - a(r)}@(t) - k_,a’(r)a(t)/2. (26) 
If we again assume zero equilibrium time for the reaction in (25), the equation for C is, 
as before, given by 
C(t) = k,. - lCrC(t), 
and we obtain the algebraic equilibrium equation 
k+,{A - a(t)}CZ(t) - k_,a”(t)/2 = 0. 
In a manner similar to that of section 2, we define an equilibrium constant K,,, 
for this reaction and immediately obtain 
K,,, = 
d(t) 
2{A - a(r)}C’(r)’ 
(27) 
(29) 
Math models for recycling glycogenolysis 
Standard techniques may be used to solve this equation for a(r). We then have 
a(t) = -{a1 + cr,}, 
where 
25 
(30) 
D, = -2K,,AC2(t) 
D, = 2&&*(t). 
Derivations, and hence the final equations, for p and y remain as given in section 2. 
Thus, our revised model consists of Equations (4), (30), (9), and (13). Simulations with 
this revised model were performed.’ (For these, the value of.K,, was computed using (29) 
and concentration values from physiological experiments with rabbit skeletal muscle 1301.) 
Our quantitative studies of this model reveal that its solutions possess properties very 
similar to those for the model of section 2. In particular, the important features of fast 
response time and amplification are present in the revised models. Indeed, the amplifi- 
cation characteristic of these models is slightly more pronounced than that exhibited by 
the earlier models. 
Our investigations tend to support the conclusion that there is no substantial difference 
from a qualitative and quantitative viewpoint in the behavior of solutions to the recycling 
cascade models, whether we use Equation (6) (second order kinetics) or Equation (30) 
(third order kinetics). 
6. CONCLUDING REMARKS 
The recycling cascade described in this paper is complex in that seven different en- 
zymes and changes in free intracellular calcium are required to achieve what appears to 
be a rather simple biochemical process, i.e., the breakdown of glycogen to glucose-l- 
phosphate. Yet it is the complexity of the activation of glycogenolysis which results in 
such properties as hormonal activation, amplification, fast response time, and the means 
to modulate external hormonal influences by individual cells that are subject to their own 
fluctuating internal milieu. Even though a conscious effort was made to model a recycling 
cascade as close as possible to known concepts, our analyses of the recycling cascade 
described in Figure I should be viewed as jirst attempts to dejine the qualitativeJi~Nturc~.s 
of a recycling cascade. The recycling cascade does not take into account qualitative and 
quantitative parameters such as protein-protein interactions, protein-glycogen interac- 
tions, conformational transitions, allosteric ligands, subcellular distribution of enzymes, 
and the presence of isoenzymes [35,36]. 
1. 
2. 
3. 
4. 
5. 
REFERENCES 
J. M. Bowness, Epinephrine: Cascade reactions and glycogenolytic effect. Science 152, 1370-1371 (1966). 
R. MacFarlane, An enzyme cascade in the blood clotting mechanism and its function as a biochemical 
amplifier. Ntrrure 202, 498-499 (1964). 
H. L. Segal, Enzymatic interconversion of active and inactive forms ofenzymes. Scirncc~ 180,25-32 (1973). 
G. Wald, Visual excitation and blood clotting. S~.l’ewe 150, 1028-1030 (1965). 
H. Hemker and P. Hemker, General kinetics of enzyme cascades. Proc. Roy. Sot. Londorr B 173, 411- 
420 ( 1969). 
26 H. T. BANKS et ul. 
6. S. Levine, Enzyme amplifier kinetics. Scierrce 152, 651-653 (1966). 
7. H. T. Banks, Modeling and Control in the Biomediwl Sciencc~s, Lecture Notes in Biomutiwmcrtics, Vol. 
6. Springer-Vet-lag, New York (1975). 
8. T. A. Langan, Protein kinases and protein kinase substrates. In Ac/~~~rce.s irr Cw./ic Nucleotide Re.serrrc~/f. 
Vol. 3, (Edited by P. Greengard and G. A. Robinson). Raven Press, New York, (1973), pp. 99-153. 
9. A. Sols and C. Guacedo, Primary regulatory enzymes and related problems. Chapter 4, in Bioc~/wmic~~/ 
Regultrtory Mechtrni.~ms it? EuXtrryoric Cc//s. (Edited by E. Kun and S. Grisolia). John Wiley, New York 
(1972), pp. 85-114. 
10. S. Cha, Magnitude of errors of Michaelis-Menten and other approximations. J. Biol. Chr07. 245, 4814- 
4818 (1970). 
11. S. Cha and C.-J.M. Cha, Kinetics of cyclic enzyme systems. Mol. Pharmucol. 1, 178-189 (1965). 
12. C. 0. Brostrom, F. L. Hunkeler and E. G. Krebs, The regulation of skeletal muscle phosphorylase kinase 
by Ca’+. .I. Biol. Chem. 246, 1961-1967 (1971). 
13. R. H. Haschke, L. M. G. Heilmeyer, Jr., F. Meyer and E. H. Fischer, Control of phosphorylase activity 
in a muscle glycogen particle. ./. Biol. Chem. 245, 6657-6663 (1970). 
14. L. M. G. Heilmeyer, Jr., F. Meyer, R. H. Haschke and E. H. Fischer, Control of phosphorylase activity 
in a muscle glycogen particle. J. Biol. Chem. 245, 6649-6656 (1970). 
15. H. Rasmussen, D. Goodman and A. Tenenhouse, The role of cyclic AMP and calcium in cell activation. 
CRC Crif. Rer,s. in Biochem. 1, 95-148 (1972). 
16. E. W. Sutherland, T. W. Rail and T. Menon, Adenyl cyclase. 1. Distribution, preparation, and properties. 
J. B/o/. Chem. 237, 1220-1227 (1962). 
17. R. W. Butcher and E. W. Sutherland, Adenosine 3’. 5’-phosphate in biological materials. J. B/o/. Chern. 
237, 1244-1250 (1962). 
18. G. I. Drummond and S. Perrott-Yee, Enzymatic hydrolysis of adenosine 3’, 5’-phosphoric acid. J. Biol. 
Chem. 236, 1126-l 129 (1961). 
19. W. Y. Cheung, Ad\~rrnces in Biochemicul Ps~~/l~,p/rurrntr~~l/~~~~, Vol. 3, (Edited by P. Greengard and E. 
Costa). Raven Press, New York, (1970), pp. 51-65. 
20. L. N. Simon, 0. A. Shuman and R. K. Robins, The chemistry and biological properties of nucleotides 
related to 3’, 5’-cyclic phosphates. In Ad~wnces in Cyclic Nucleotide Resrurch, Vol. 3, (Edited by P. 
Greengard and G. A. Robinson). Raven Press, New York, (1973). pp. 225-353. 
21. S. S. Hurd, W. B. Novoa, J. P. Hickenbotton and E. H. Fischer, Phosphorylase phosphatase from rabbit 
muscle. In Methods in Enzymo/o,qy, Vol. 8, (Edited by E. F. Neufeld and V. Ginsburg). Academic Press, 
New York, (1966), pp. 546-550. 
22. C. W. Gear, Nrtmericcrl Initirrl Value Problems in Ordincrry DiJfercntiul Equufions. Prentice-Hall, Engle- 
wood Cliffs, NJ (1971). 
23. A. Goldstein, L. Aronow and S. M. Kalman. Principle.\ o/Drug Acfion. John Wiley, New York, (1974), 
pp. 301-356. 
24. W. Danforth, E. Helmreich and C. F. Cori, The effect of contrac!ion and of epinephrine on the phospho- 
rylase activity of frog sartorius muscle. Proc. Nat/. Ac,crd. Sci. USA 48, 1 I91 -1199 (1962). 
25. G. J. Cooper, The numerical solution of stiff differential equations. FEBS Letters 2, Supplement, S22-S29 
(1969). 
26. H. A. Otten and L. Duysens, An extension of the steady-state approximation of the kinetics of enzyme- 
containing systems. J. Theor. Biol. 39, 387-396 (1973). 
27. P. J. Bechtel and J. A. Beavo, Properties of skeletal muscle cyclic AMP dependent protein kinase. Fed. 
Proc. Fed. Am. Sot. Exp. Biol. 33, 1362 (1974). 
28. J. G. Demaille, K. A. Peters and E. H. Fischer, Isolation and purification of the rabbit skeletal muscle 
protein inhibitor of adenosine 3’, 5’-monophosphate dependent protein kinases. Biochemisfry 16, 3080- 
3086 (1977). 
29. F. Hofmann, Interaction of subunits of CAMP-dependent protein kinase. In Molecular Bio/og)’ und Phcrr- 
mocology of Cyclic Nucleotides, (Edited by G. Folco and R. Paoletti). Elsevier/North Holland, Amster- 
dam, (1978), pp. 129-140. 
30. F. Hofmann, J. A. Beavo, P. J. Bechtel and E. G. Krebs, Comparison of adenosine 3’. 5’-monophosphate- 
dependent protein kinases from rabbit skeletal and bovine heart muscle. J. B/o/. C/rem. 250, 7795-7801 
(1975). 
31. K. A. Peters, J. G. Demaille and E. H. Fischer, Adenosine 3’. 5’-monophosphate dependent protein kinase 
from bovine heart. Characterization of the catalvtic subunit. Biocherkrn 16, 5691-5697 (1977). 
32. 0. M. Rosen, C. S. Rubin and J. Erlichman. Molecular characterization of cyclic AMP-dependent protein 
kinases derived from bovine heart and human erythrocytes. Proc Miclmi Winter Symp. 5, 67-82 (1973). 
33. P. H. Sugden and J. D. Corbin, Adenosine 3’, S’cyclic monophosphate-hinding proteins in bovine ano r’lt 
tissues. Biochrm. J. 159, 423-437 (1976). 
34. P. H. Sugden, L. A. Holladay, E. M. Reimann and J. D. Corbin, Purification and characterization of the 
catalytic subunit of adenosine 3’. 5’-cyclic monophosphate-dependent protein kinase from bovine liver. 
Eiochem. J. 159, 409-422 (1976). 
35. T. M. Martensen, J. E. Brotherton and D. J. Graves, Kinetic studies of the inhibition of muscle phospho- 
rylase phosphatase. J. B/o/. Chem. 248, 8323-8328 (1973). 
36. T. M. Martensen, J. E. Brotherton and D. J. Graves, Kinetic studies of the activation c’f muscle plros- 
phorylase phosphates. J. Biol. Clwm. 248, 8329-8336 (1973). 
